EQUIVARIANT K-THEORY 
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Abstract. We characterize the smooth toric varieties for which the 
Merkurjev spectral sequence, connecting equivariant and ordinary K- 
theory, degenerates. We find under which conditions on the support of 
the fan the E 2 terms of the spectral sequence are invariants by subdivi- 
sions of the fan. Assuming these conditions, we describe explicitly the 
E 2 terms, linking them to the reduced homology of the fan. 
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Introduction 

The aim of this work is to highlight some relationships between the equi- 
variant K-theory of a smooth toric variety and the combinatorics of the 
associated fan. 

We start from a result due to Merkurjev ( jMerj ). that gives a comparison 
between the equivariant and the ordinary K-theory: if X is a smooth toric 
variety, there is a spectral sequence: 

E 2 pq = Tor« T «(X),Z) K p+q (X). 

Our first problem (Section 2) is to characterize the class of smooth toric 
varieties for which Merkurjev's spectral sequence degenerates at E 2 , that is, 
such that E 2 q = for all p ^ 0. It was known that this class includes all 
complete toric varieties, which correspond to fans whose support covers the 
whole space W 1 . Their K-theory can be immediately expressed in terms of 
the equivariant K-theory: K q (X) = K q {X) <S>rt 

Vezzosi and Vistoli ( jVeVil §6]) give two descriptions of the equivariant 
K-theory of a smooth toric variety X(A), 

(1) as a subring of the product II^eA K*{k) <g> RT a , and 
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(2) by means of a presentation similar to the Stanley-Reisner algebra 
over the simplicial complex 5a, associated to the fan A (The vertices of 
5a correspond to the 1-dimensional cones of the fan, and the simplexes 
correpond to the cones). Both descriptions have been extremely useful. 

Proposition 12.31 states that Merkurjev's spectral sequence degenerates if 
and only if the following conditions hold: 

HI. _f/j(lk<7, Z) = for all a E A and % < dim(lko"), where H is the 
reduced simplicial homology, and lk a is the link of a, that is, the set 
of the faces, disjoint from a, of the faces in 5a that contain a; 

H2. Hi(S A ,Z) = for all i < dim(5 A ). 

This is an easy consequence of a well-known theorem by Reisner: the van- 
ishing of the reduced homology (in all degrees but the top one) of a simplicial 
complex and of all of its links is equivalent to saying that its Stanley-Reisner 
ring is Cohen-Macaulay. However, assuming the (independent) Theorem l4.5l 
we can prove Proposition 12.31 without reference to Reisner 's theorem. 

Conditions HI and H2 involve only the support |A| of A: they are inde- 
pendent of the way it is subdivided into cones. Indeed, they depend only 
on the topology of |A|, in particular HI is equivalent to saying that 5a 
is a homology manifold. A natural question is, whether it is possible to 
find a description of the terms E^ q also depending only on the topology of 
|A|. The answer (Section 3) is negative for all toric varieties whose fan does 
not satisfy the local condition HI: this is a straightforward consequence of 
Proposition 13.41 

Therefore, in Section 4 we assume that condition HI holds, and moreover 
that all the maximal cones of A have the same dimension as the variety. In 
other words, (a geometric realization of) 5a is a submanifold (with bound- 
ary) of the sphere 5 n_1 C W 1 . Under these assumptions, we can find an 
explicit expression of the terms Ep q , where only the reduced homology of 
5a appears. In fact we have (Theorem 14. 5j) : 

Tor^«(X(A)),Z)- H'- p -\s A ,Z [l) ). 

i—p+l 

The terms Tor^ T (ifJ(X), Z), for q > 0, can be obtained from those with 
(7 = 0, applying the Theorem of Universal Coefficients, since (by the Stanley- 
Reisner presentation) K q (X) = Kq(X) ®i K q {k). 

The proof of Theorem l4.5l is based on the idea (already used in Bri , BBFK 
and [BreLuj ) to give A the topology induced by the face order, and consider 
suitable sheaves of rings on it. In our case, the expression of Kq(X) as a 
subalgebra of Y\ i RT ai suggests to construct a sheaf A, whose ring of global 
sections is Kq(X). The terms Ep in Merkurjev's spectral sequence are the 
hypercohomology groups of the Koszul complex of A. This hypercohomol- 
ogy is itself the limit of another spectral sequence, but, thanks to condition 
HI, most of its E\ terms vanish, and we can draw useful information from 
it. 

Acknowledgments. I would like to thank my thesis advisor, Angelo Vi- 
stoli, who suggested me the fascinating subject of toric varieties, and helped 
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me considerably during the making of my PhD thesis (whose results are 
exposed in this paper). I also thank Michel Brion for his careful reading it 
and for giving me interesting comments. 

1. Preliminaries on toric varieties and K-theory 

1.1. Toric varieties. The most complete references for toric varieties are 
Fulton's and Oda's books, |Fulj and |Odaj . More information can be found 
in Danilov's Dan and Brylinski's |Bry| papers. For a more detailed intro- 
duction, see also jHVT] . We recall here some terminology and properties. 

We fix a field k. Let G m be the multiplicative group of k. For a positive 
integer n, T = T n = (G m ) n is the n-dimensional (algebraic) torus on k. 

A toric variety is a normal algebraic variety X on k, with a dense embed- 
ding T X, such that the action of T on itself by multiplication can be 
extended to an action of T on X. 

Let N ^ 7L n be a lattice, embedded in N R = R ® N ^ W l . A (rational 
covex polyhedral) cone a is the convex hull of a finite set of vectors Vi G A: 

a = pos{vi, . . . ,v s } = f {riui H h r s v s | r, > 0}. 

Let M = Hom(iV, Z). The dual cone of the cone a is a = {u G Mr I 
(u, v) > Vf G cr}. A support hyperplane for cr is the set G JV (it, i>) =0}, 
for some u G a. A face t of a is the intersection of cr and a support 
hyperplane; we write r -< cr. 

If a is a cone in Ar, the semigroup S a = aC\M is finitely generated ( |Fil| 
Proposition 1]). Let ^4 CT = fe^] the semigroup algebra of A a . The affine 

toric variety associated to a is (the affine algebraic variety) X a = f Spec(A a ). 

Definition 1. A fan of cones in A% = R n is a finite set A of cones in N^, 
with the following properties: 

(1) if a € A and r -< a, then r G A, 

(2) if <7i, o"2 € A, o"i (~1 02 is a common face of o\ and <T2. 

The support of a fan A is the union of its cones, | A| = \]{o € A} C TVr. We 
set Aj = {cr G A | dim cr = i}, while A max is the set of the maximal cones, 
that is, cones that are faces of no other cones in A. 

Given a fan A, there is a toric variety X(A) associated to it: it is ob- 
tained glueing together the affine toric varieties corresponding to its cones. 
See |Full Ch. 1] for details. The lattices and M are, respectively, the 
groups of 1-parameter subgroups and the group of characters of T ( |Odal 
1.2]). Conversely, every toric variety can be obtained from a fan, via this 
construction (see |Bry| ) . 

A(A) is smooth if and only if every cr € A is generated by a subset of 
some basis of the lattice N |Full 2.1]: we say then that A is regular. In 
particular a regular fan is simplicial, that is, every cone admits a number of 
generators equal to its dimension. 

Let N and N' be two lattices, A a fan in N R and A' in N^, -0 : N -> N' 
a homomorphism, and (p = ip <g> M : Ar — > A^. If, for each cr G A, y?(cr) C cr' 
for some a' G A', then ip induces a toric morphism, that is, a morphism of 
algebraic varieties X(A) — > X(A'), equivariant with respect to the actions of 
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the dense tori. Such a toric morphism is proper if and only if tp 1 (|A'|) 
(see [Full 2.4]). X(A) is complete if and only if | A| = N R ^ R n . 



1.2. Orbits and their closures. ( |Ful| 3.1]) There is a 1-1 correspondence 
between orbits for the action of T and cones in A: for each cone a of 
dimension d the corresponding orbit O a has dimension n — d. Moreover: 

t -< a O a C O t 

The closure O a of the orbit O a C X(A) is the finite union of smaller orbits, 
corresponding to the cones in the star St a = {r E A | a -< r}. Moreover, 
Co- is itself a toric variety, for the action of the torus T/T a . In fact, if 
iVo- = iVn (a) is the lattice of one parameter subgroups of T a , let us consider 
the quotient lattice N(o~) = N/N a , and the real vector space N(a)^ = 
Nm./(No-)^. The projection f on N(a)u of a cone r in iVjt is also a cone, 
and the set {r C -/V(<t)r | r G St<r} is a fan in N(a)^. The associated toric 
variety is isomorphic to the orbit closure O a . 

1.3. The i?T-algebras RT a . The stabilizer of the points in O a is a subtorus 
To- C T, whose lattice of one parameter subgroups is iVn (cr) C N. Let M = 
T = Hom(T, G m ) be the group of characters of T, and RT = 7LT = Z[M] 
the representation algebra of T. For each cone a, RT a = ZfM/o" -1 "], where 
a 1 - = {m € M j (u,m) = OVu € o"} is the orthogonal subgroup in M to 
a (or to the subspace generated by a). If r -< a, the inclusion induces a 
homomorphism i^To- — > RT T . In particular, for each a, the inclusion T a <ZT 
induces a morphism i?T — > iJTo-, so each i?T CT is a i?T-algebra. 

We can easily get the projective dimension of RT a as a -RT-module, indeed 
we can give explicit free resolutions of each RT a . 

If <T is a cone of dimension d, a 1 - is a subgroup of rank n — d in M. Let 
mi, . . . , fiin-d be a basis of cr . Since the elements mi — 1, . . . , m ra _d— 1 € -RT 
generate (as an ideal) the kernel of the projection RT — > i?T CT (that is, 
Z[M] — ► ZfM/er- 1 -]), and they are a regular sequence in iZT, the associated 
Koszul complex ( Mat , §16]), 

(1) K.(a ± )=K.(m 1 -l,...,m n _ d -l) 

is acyclic, and Hq{K.) = RT a : it is a free resolution of RT a . It follows that 
projdim^p (RT a ) = n — dim(cr). Moreover, if we consider Z as a -RT-module 
via the rank map RT — ► Z, and we tensor K. with — <8>i?T Z, the differentials 
vanish; so we have 

(2) Torf T («T ff ,Z)=^(ZM.)^ J A ^ = Z for < i < n - d 

[ for i > n — d. 

1.4. Two results in the K-theory of toric varieties. An introduction 
to the K-functor in algebraic geometry can be found in ([Man])- Quillen 
( |Qui| ) defined higher K-theory groups, as homotopy groups of the geometric 
realization of a category. 

If X is a scheme (or an algebraic space) with the action of an algebraic 
group, equivariant coherent sheaves can be defined, and the corresponding 
K-theory is called equivariant K-theory: the basic definitions and theorems 
are m om . 



EQUIVARIANT K-THEORY OF SMOOTH TORIC VARIETIES 



5 



In equivariant K-theory computations are often easier than in ordinary 
K-theory, and information about ordinary K-theory can be recovered from 
equivariant K-theory, for example by means of spectral sequences. 

In fact a recent theorem by Vezzosi and Vistoli expresses the equivariant 
K-theory of a smooth toric variety as a subalgebra of a product of represen- 
tation rings of tori, while the comparison of the equivariant and the ordinary 
K-theory is provided by a spectral sequence, introduced by A. Merkurjev 
(from results of M. Levine). 

From now on, given a smooth toric variety X over the field k, with the 
action of an algebraic torus T, we will denote by K*(X) the ordinary K- 
theory, and with K T (X) the T-equivariant K-theory. 

Notice that Kq(X) is a module over the representation ring RT = i^o"(Spec k), 
via the homomorphism induced by the morphism X — ► Spec k ( MerJ Ex- 
ample 2.1]). 

Theorem 1.1 f jVeVl Theorem 6.2]). If X = X(A) is a smooth toric vari- 
ety, and o~x,...,o~ r are the maximal cones of A, there is an infective homo- 
morphism of RT -algebras 

r 

K^(X)^^K,(k)(g)RT (7i . 

i=l 

An element (at) € (B[=i K*{k) <g) RT ai is in the image of this homo- 
morphism if and only if, for each i / j the restrictions of at and aj to 
K*(k) ® RT airi(7j coincide. 

Theorem 1.2 ( |Merl Theorem 4.3]). Let X be a smooth toric variety, with 
maximal torus T. There is a homology spectral sequence 

E 2 pq = Toif(K T q (X),7L) => K p+q (X), 

such that the boundary homomorphisms 

Z ®rt Kj(X) — ► K q {X) 

are induced by the functor that forgets the action ofT K T {X) — > K*(X). 

In particular the ring homomorphism Z (S>rt Kq(X) —> Kq(X) is an 
isomorphism. 

2. Conditions on the fan A for the .RT-flatness of Kq(X(A)) 

In |VeVij Vezzosi and Vistoli give, as a consequence of their description of 
the equivariant K-theory, a sufficient condition for the Merkurjev spectral 
sequence to degenerate at E 2 : in that case there is an isomorphism Z (8>.rt 
K t (X) = K*(X). The condition is that the action of the big torus admits 
enough limits ( |VeVil Definition 5.8]). A smooth toric variety X(A) admits 
enough limits if and only if the set 

(3) n U (° + (r))cN R 

re A o-eStT 

has nonempty interior ( |VeVil Proposition 6.7]). This fact is very useful, as 
it allows to single out many toric varieties whose K-theory has an explicit 
description. For instance, it follows immediately from the above condition 
that complete toric varieties belong to this class. 
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Nonetheless, there are two main flaws in it. First, it provides only a 
sufficient, but not a necessary condition: we will see below an example of a 
toric variety that does not have enough limits, but such that the Merkurjev 
sequence degenerates. Second, it involves not only the face order of the 
cones in the fan, but the exact way in which the cones are set inside the 
vector space Nr. 

In this section we will give a necessary and sufficient condition, depending 
only on the simplicial structure of the fan. This condition follows rather 
easily from the presentation of K^(X) as a Stanley- Reisner ring (or "face 
ring") of the simplicial complex Sa associated to A, and from a well-known 
criterion by Reisner, giving conditions on a simplicial complex in order for its 
Reisner-Stanley ring to be Cohen-Macaulay. However, in section 14.31 after 
we prove Theorem 14.51 we will be able to avoid using Reisner 's Theorem: 
Proposition 12.31 will be a corollary to Theorem 14.51 and Proposition 12.21 

We recall here some notions of combinatorics, which we use in Proposio- 
tionlP 

By a simplicial complex over the finite set (of vertices) V = {v\ . . . ,v s } 
we mean the pair (V, £), where £ is a set of subsets of V (the simplexes or 
faces), such that: 



The dimension of a face a is the number of vertices of a minus one; the 
dimension of £ is max{dim a \ a € £}. A simplicial complex is pure if all 
its maximal faces have the same dimension. 

Let A be a regular fan in W 1 . We associate to it the simplicial complex 
Sa in the following way: 

- the vertices of Sa correspond to one-dimensional cones of A; 

- the faces correspond to cones in A. 

The dimension of Sa is maxjdimo" | a € A} — 1. A geometric realization of 
5 A is |A| n S 11 ' 1 C R n , where S™" 1 = {x £ R n | \x\ = 1} . 

Definition 2. Let R be a ring, and S a simplicial complex with vertices 
V = {v%, . . . ,v s } and faces S C V(V). The Stanley- Reisner algebra on R 
relative to X is the i?-algebra 



where I C R[Xi, . . . , X s ] is the ideal generated by all monomials ■ ■ ■ X^ h 
with {v h ,. ..,v ih }g S. 

Definition 3. (See BH, 5.3]) Let (V, S) be a simplicial complex of dimen- 
sion n — 1, and let V be given a total order. For each z-dimensional face a 
we write a = [vq, if <r = {vo, . . . , v{\ and Vq < ■ ■ ■ < Uj. 

The augmented chain complex of X is: 



{v} eS Vv e V. 



R[Xi, . . . , X s ] 



I 



C(S) : -> C n _i A C n _ 2 
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where we set 

i 

C i = Zo- and da = ^(-1)^ 

ctSE j=0 
dim cr=i 

for all cr 6 £, and Oj = [vq, . . . , Vj, . . . , vi\ for a = [vo, . . . , Vj\. By definition, 
dim0 = -1. 

For an abelian group G, the i-th reduced simplicial homology of £ with 
values in G is: 

Hi(E,G) = fli(C(S) ®G) « = -l,...,n-l. 

The dual (cochain) complex Hom^(C(£), G) has differentials <9, defined as: 
(d(f))(a) = (p(da), for € Hom^(Ci,G), a G Cj+i- The i-th group of reduced 
simplicial cohomology of £ with values in G is: 

#;(£, G) = ^(HomzCCCE), G)) i = -1, . . . , n - 1. 

If it is a face of the simplicial complex £, the /inA; of cr in E is Iks c = 
lkcr = {r G E a ^ r, <r U r £ E}. It is easy to see that Iks c is itself a 
simplicial complex over the set {uGV |«Gt3t£ Ik a}. 

Proposition 2.1 (Reisner's Criterion). fReisJ Theorem 3]) Let (V, E) be 

a simplicial complex. The ring Z[E] is Cohen- Macaulay if and only if, for 
every cone a £ T, we have 

Hi(\ka,Z) = Mi < dim(lka), 

and, moreover, 

Hi(S A ,Z) = \fi<dim(S A ). 

The following proposition gives a presentation of the equivariant K-theory 
of smooth toric varieties, in terms of generators and relations, similar to that 
given in |BDPj for the equivariant cohomology. 

Proposition 2.2. /' [VeVil Proposition 6.4]J 
There is an isomorphism of K*(k)- algebras 

K T (X , „ K*(k)[X±\ eAl 

where X p are indeterminates, each corresponding to a one- dimensional cone 
of A, and I is the ideal in K^ik^X^ 1 ] generated by all products W p ^p^p ~ 
1), with F a subset of Ax that does not generates a cone of A. 

Now we can state and prove the result we announced. 

Proposition 2.3. Let X = X(A) a smooth n-dimensional toric variety, 
associated to the fan A. The following are equivalent: 

(1) K- (X) is aflat projective) RT-module; 

(2) Torf T (Kj(X),Z) = for all i > 0; 

(3) TorR T (K T (X),Z) = for all q > and for all i > 0; 

(4) The following two conditions hold: 

(i) A max = A n (=> S A is pure); 

(ii) Hi(Jka, Z) =0 Mi < dim(lkcr), Ma G Sa, and 

Hi(S A ,Z) = Vi<dim(,SA). 
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Proof. Let us write for short K = Kq(X), and set A max = {a±, . . . ,oy}. 
We will show (4) (1) ^ (2) 44> (3). 

(4) =>■ (1) If dim(er) = n, i?T CT = RT, so condition (i) and Theorem 11,11 
imply that K embeds into the product RT r . The ring RT is a subring of 
K via the diagonal map {RT i?T r , a i— > (a, . . . , a)), and i'T is a finitely 
generated i?T-module. 

Note also that, if 97t is a maximal ideal in K, and m = 97T n RT, then 
dim(i^gjt) = dim(i?T m ). In fact, if p is a minimal prime ideal in K, contained 
in 971, then K/p > RT j p for some minimal prime ideal p in RT, such that 
p C m. 

We have verified the hypotheses of the following lemma. 

Lemma 2.4. Let R and S two noetherian rings, R regular, R C S, and S a 
finite R-module. Moreover, suppose that for all ideals 971 maximal in S and 
tn maximal in R, with 97t Pi R = tn, we have dimi? m = dimS^- 

Then S is a projective R-module if and only if it is a Cohen- Macaulay 
ring. 

Proof. (Lemma \2.4[ ) Let m a maximal ideal in R. By the Auslander-Buchs- 
baum formula ( |BH| Thm 1.3.3]), 5 m is a projective i? m -module if and only 
if the depth of S m as a i? m -module equals the dimension (and so the depth, 
as R is regular) of the ring R m . 

If d = dimi? m and x = x\,...,Xd is a regular system of parameters 
for R m , then it is a regular sequence in S m , and this is true if and only if 
x is a regular sequence in Sgji for each maximal ideal 971 in S such that 
971 (~l R = m. The sequence x is also maximal, for each choice of such an 971, 
by the assumption that dim San = dimi? m . □ 

It remains to prove that K is a Cohen-Macaulay ring. 

Proposition 12.21 gives a ring isomorphism K = 7L\X^\jI, with X = 
X u ...,Xi indeterminates, and I = (UjeF( x j ~ 1)1-^ V 5a) C Z[X ±1 ]. 

On the other hand, the Stanley-Reisner ring of Sa is Z\Y]/J, with Y = 
Y x ,...,Y h and J=(n i , 6i r^,|F^ < S A ) CZ[F]. 

Consider the following ring homomorphism: 

(4) Z[Y] ^ Z[X] 

Y ^ Xi-1 

Obviously ip is an isomorphism, and <p(J) = I, so ip induces an isomorphism 

Z\Y] ^ZJX] 
J / ' 

and it remains an isomorphism if we localize respectively at the multiplica- 
tive systems Sj = {ILT/'Uez and Sj = {Ui( x i ~ ^) k }kez- 

SfZ\Y] ^ 7L\X^\ = Sj^X] 
J I I 

The ring on the left is a localization of the Stanley-Reisner ring Z[Sa], so it 
is Cohen-Macaulay if the latter is such: this is true by Proposition 12.11 
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(1) => (4) From what we said above it follows that (1) =>■ (4.n), that is: 
Z[Sa] is Cohen-Macaulay. We need only to show that the maximal cones 
have all dimension n = dim(X). 

Let us prove this by contradiction: suppose that, say, dimci < n. 

This implies that, if we denote by 7Tj : RT — ► RT ai the projections induced 
by T ai C T, and set ij = ker7ri, we have: htii > 1. 

Let njj be the projections RT ai — > RT air](Tj . By Theorem ll.il 

K = {(x 1} . . . , X r ) G n*=l RT °i I n ij( X i) = rfj&j) v ^ii- 

If x\ is a nonzero element in f]i>i ^ er n w then x = (xi, 0, . . . , 0) G if, 

and annx = ii, so ht(annx) > 1. 

Let tn be the kernel of the rank map RT — > Z, A the localization RT m , 

and p an associated prime ideal of K as a i?T-module, such that Ji C p. 

As p C m, pA G Ass^i^m too, and ht(pA) = ht(p). 

Since, for a local noetherian ring R and a finitely generated -R-module M, 

projdim^M > ht(o) for any ideal o associated of M, we have: 

1 < ht(pA) < d = f projdim j4 (i^ m ). 

It follows that + Tor^(if m ,Q) = A® RT Tor% T (K,Z), so Tor ^ T (if, Z) ^ 0, 
contradicting our assumption. 

(1) (2) Obvious. 

(2) (1) From now on, set A = Z[Y"i, . . . , Y n ]. Notice that the morphism 
ip defined in (fl"]l. followed by the canonical arrow to the localization at the 
multiplicative system Sj = {Yiii^i ~ l) fc }fceZi is a ring monomorphism that 
makes RT a flat A-module. Remember that Vcr G A, i?T CT = RT/I a for 
some ideal /<j contained in the kernel of RT — > Z. Let J a = I a T\ A, and 
Ao- = A/I a . For any r -< cr we have a surjective map A CT — ► A T such that 
i?To- — ► i?T r is obtained from it, by tensoring with — ® A RT. We define here 

r 

M= {( ai ,...,a r ) G JJ A a . a ilA „. na . = a j{A ^ V 

Then K = M <8>a -RT, and if is flat over iZT if and only if M is flat, or 
projective, over A. Assumption (2) implies that 

(5) Torf(M,Z) = Vt > 0. 

As A is a graded ring with Aq = Z, M is flat over A if and only if M p is 
flat over A p , with p G N varying among all primes, where we have defined 
I p = (p) + (Yi, . . . , Y~ n ), A p = A /p and M p = M /p = M ® A A p . 

By the local criterion of flatness (see for ex. |Eis| Theorem 6.8]), M p is 

flat over A p if and only if Toif p (M p ,Z/(p)) = 0. From © it follows that 
Tor^ p (M p , Z(p0 = 0, as Z/ p = Z^, the localization of Z at p. From the 
short exact sequence 

_> Z(p) 3 Z(p) -> Z/(p) -> 

it follows that Tor^ p (M p ,Z/(p)) = if and only if multiplication by p in 
Z p <8>a p M p is injective: and this is true since M, and also M p , are torsion 
free. 
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(3) (2) Obvious. 

(2) (3) Fix an integer q > 0. Proposition 12.21 implies that 

K q r (X)=K q (k) ® Z K£(X). 

Let L* be the Koszul resolution Q of Z: every Lj = /\ l (RT) n is a free 
i?T- module. Then, by the definition of Tor^ T (— ,Z) as a derived functor of 

- ®Kr Z, 

Tor^ T (<(X),Z) = H P {L+ ®rt K%(X)); 
Tor£ T (iT g T (X),Z) = H p (L*® RT K q r (X)) = 

= H P (L* (E>rt (K£(X) ® z K q (k))). 

Since L p ®rt (K$(X)® z K q {k)) = (L p ® RT KT( y X))® z K q (k) we ca n apply 
the Universal Coefficient Theorem (in homology: see for example |MacLl 
V.ll, Theorem 11.1]): given a homology complex L* of abelian groups with 
no elements of finite order, and an abelian group G, then for any i > there 
is a splitting short exact sequence: 

-» fli(L«) ® z G) -» Torf GO -» 0. 

In our case, for every p > 0, there is a short exact sequence (K = Kq(X)): 

(6) Tor^ T (if, Z) ® z K g (fc) -> Tor^ T (Kj {X), Z) -> 

-> Tor^Tor^^Z),^^)) - 0. 

To conclude, notice that, for p > 1, Tor,? T (i£o PO > ^) = 0' while Z ®rt 
K (X) = Tor$ T (K (X),Z) is torsion-free, so Torf (Z ® K (X), G) = for 
any abelian group G. □ 

Example of a toric variety that satisfies the conditions of Proposition 
12.31 but that does not admit enough limits. 

Let {ei,e2,es} a basis in N = Z 3 . For any triple (01,02,03) S {0, l} 3 , let 
0ai ,02,03 be the cone generated by {(— l) 0l ei, (— l) fl2 e2, (— l) aa e3} (they are 
the "octants" of M 3 ). 

Let us consider now the fan A, such that the maximal cones are: 

A max = {food foio> ^oiii fill}- 

X(A) is a non-complete variety; it can be embedded as an open T- invariant 
set of P 1 x P 1 x P 1 (more precisely: it can be obtained from P x P x P 
removing the closure of three 1-dimensional orbits). 
Let pi = pos{e2} and P2 = pos{— e{\. 

Notice that <tooo is the only maximal cone that contains p\ as a face, while 
o"ni is the only maximal cone containing p2- So 

[J f + (Pi) = fooo U CTqio, 
o-eSt pi 

while 

[J f + (P2) = fOll U (Tin. 

o-eSt p2 
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The intersection of these two sets is posjei, — e 2 }, which has empty interior. 
A fortiori the set (JHJ) has empty interior, so A (A) does not admit enough 
limits. 

On the other hand, [AIRS' 2 is homeomorphic to {(x, y) € R 2 [ x 2 +y 2 < 1}, 
so it is contractible, therefore the reduced homology of Sa and of every link 
is zero: the equivalent conditions of Proposition 12.31 are thus satisfied. 

3. K-THEORY AND SUBDIVISIONS OF THE FAN 

The combinatorial conditions equivalent to the flatness of Kq(X(A)), 
given in Proposition 12.31 depend only on the topology of the support of the 
fan A, not on its subdivision into cones. If Kq(X) is not flat, some E 2 term 
outside the column of index zero in Merkurjev spectral sequence is nonzero: 

Tor£ T (Aj(A),Z) ^0 3q, 3p>0. 

A natural question is: given the toric variety A(A), does there exist a 
description of these groups Tor^ T (Aj(A(A)), Z), involving only topological 
invariants of |A|? We will show in Proposition 13.41 and in Corollary 13 . 51 that 
a necessary and sufficient condition for the existence of such a description 
is the vanishing of the reduced homology of all links of the cones a ^ in 
A, in every dimension strictly less than the dimension of lko". 

In the next section we will assume this condition on A, and will be able 
to give the expected description. 

3.1. Blow-ups along orbit closures. Let us begin by comparing two toric 
varieties associated to fans with the same support. Let Ai and A2 be two 
fans in M n , corresponding to toric varieties X\ = X{A\) and X2 = X(A2). 
Assume that |Ai| = IA2I. Let A' be a common subdivision of the two 
fans: that is, every cone of A% or A2 is union of cones of A'. The identity 
of M n induces two T-equivariant morphisms (pi : A (A') — > Aj. They are 
birational, as the two varieties have the same dimension, so they contains 
the same torus T n as a dense open subset, and proper (see [Full 2.4]). 

For birational and proper equivariant morphisms between toric varieties 
the weak decomposition theorem holds; it was proved independently by 
R. Morelli in Mor and by J. Wlodarczyk in |Wloj . 

Theorem 3.1. Every birational proper equivariant morphism between smooth 
toric varieties <p : A(A') — » X(A) can be decomposed as follows: 

X(A') ^X l ^X 2 ^---^X k ^ A(A), 

where X\ , . . . , A/% are smooth toric varieties, and every arrow is an equi- 
variant morphism obtained by composing blow-ups along T -invariant closed 
subvarieties. 

We have reduced the problem to the study of Kq and its groups Tor^ T , 
when 4> is the blow-up of an orbit closure. 

Blowing up the orbit closure relative to the cone a consists of replacing 
O a with a T-invariant divisor. This corresponds to the modification of the 
fan, called star subdivision. 

Given two cones <r, r in A%, let us denote with cj + t their Minkowski sum: 
a + T = {x + y\ x£a, yG r}. It is a cone in Ar. 
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Definition 4. Let A be an arbitrary fan in N^, a G A, and p C a a 1- 
dimensional cone (ray) passing through the relative interior of a (i.e. p is 
contained in no proper face of cr). The star subdivision of A, relative to 
the cone a and to the ray p, is the fan {cr/p} ■ A, obtained as the union of 
A \ St a and 

{p + a + v | a 7^ a' -< cr, ^ G Ik cr}. 

In other words, this subdivision does not change the cones not containing 
cr, but it divides each cone containing a into the cones generated by p and 
every proper face. 

Assume now that a is regular. Then a is generated by vectors in N, 
ei, . . . , e s , that can be completed to a basis of N. let p a the 1-dimensional 
cone generated by q = e\ + ■ ■ ■ + e s . Let us denote with {cr} - A = {a/p a } ■ A. 

Proposition 3.2. ( Od&, Prop. 1.25],) The blow-up of the toric variety 
X(A) along the orbit closure O a is the toric variety associated to the fan 
obtained by the star subdivision of A relative to a and p a : 

BIqX(A) = X{ a y. A 

3.2. How the groups Tot^ t (KT(X(A)),Z) change by subdivisions of 

A. Let us see how the equivariant K-theory of the blow up depends on the 
K-theory of the variety, of the orbit closure and of the exceptional divisor. 
Let Y = O a be the centre of the blow up, and Y 1 = <j)~ l (Y) the exceptional 
divisor. The situation can be pictured by the following (cartesian) square: 

Y'^^X' 



y c — ^x 

where i and j are the embedding of Y and Y' respectively, and ip = 0iy. Y' 
is the projective bundle over Y defined by the conormal sheaf C of Y in X: 
Y' = F(C) (See (TTarl Theorem II.8.24]). The iT T -tlieory of X' is connected 
to that of X, Y and Y' by a short exact sequence of i?T-modules: 

- Kj(Y) JL> K T (X) x K T {Y>) Kj(X') -» 

where a and (3 are defined as follows. Let F be the class in K T (Y') of the 
kernel of the canonical surjection ijj^C —> Cy (1) = Op(c)(l)- If V £ ^ T (Y), 
we define a(y) = (t»y, -^(y)A" 1 F). If x G K T {X) and y' G K T (Y'), then 
(3{x,y r ) = 4>*x — j*y' (The corresponding short exact sequence for ordinary 
K-theory can be found in |Man| Theorem 15.2]; the equivariant version can 
be obtained in a similar manner) 

This sequence splits, so the long exact sequence of the Tor^ T (— ,Z) itself 
splits into short exact sequences, for any i > 0: 

(7) - Torf r «(y),Z) - Tor? T (Kj(X),Z) x Torf T (i^ T (Y'), Z) - 

^Torf T «(X'),Z)^0 

Remark 1. In the case of toric varieties, we can see that the exceptional 
divisor of a blow up is a projective bundle, also by comparing the fan A with 
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the star subdivision {a} ■ A, or better by comparing the fans associated to 
Y and Y'. 

The orbit closure relative to a is the toric variety associated to the pro- 
jection St a of St A a on the quotient N(a)]&, and that Y' is the orbit closure 
associated to p a in {a} - A. It is the toric variety associated to the projection 
St p a of {a} ■ St a on the quotient V p := N^/(p a ) (see section H~2|) . 

Let us recall the following definition ( |Ewa| Ch. VI, Definition 6.3]). 

Definition 5. Let £ = £'•£" = {a' + a" | a' G £', a" G £"} a fan in M n 
(join of two fans £' and £") such that 

(a) £' is contained in a vector subspace U C R n with dim(C7) < n, 

(b) £" can be projected bijectively on a fan So contained in the orthog- 
onal complement U 1 - of U . 

Then we call So a projection fan of £ perpendicular to £', and say that £ 
has a projection fan (with respect to £', £"). 

Now denote with A a the projection on V p of the set of cones (in JVjr) 
+ Per | o 7^ r -< er}, and with Aik CT the projection, on the same space, of 
{r + /)„|(j/T£A, r + dS A}. We can easily see that St p a = A CT • A^a, 
and that A^ can be bijectively projected on the orthogonal complement 
of A,j | . Therefore St p a has a projection fan: this is significant in view of 
the following proposition ( EwaJ VI, Theorem 6.7]): 

Proposition 3.3. Let £, £', £" be regular fans inl", suc/i i/iat £ = £'•£", 
and let T,q be the projection fan o/£ perpendicular to £'. Then the projection 
tt : £ — ► £o induces a map of fans such that, for any o"o G £o, we have an 
isomorphism tt~ 1 (X CT0 ) = V(£') x X ao . 

This means exactly that V(£) — > X(£o) is a fibre bundle on X(T,q), with 
fibre X(£'). In the case of the blow up of O a = X(£o), £' = A CT , and 
X(£') ^ F"- 1 . 

The following proposition and corollary contain the condition that we 
must assume, in order to describe Toip T (Kj (X), Z) in terms of topological 
invariants of |A|. 

Proposition 3.4. Let X = X(A) the smooth toric variety associated to the 
fan A in = W l , a G A^ a cone of dimension d > 2, A' = {a} ■ A, 
X' = X(A') (i.e. X' is the blow up of X along the closure of the orbit O a ). 
The following hold: 

(i) if Hj(lka,Z) ± for some j < d - 1, then Toif T {K T {X), Z) £ 
Torf T {Kq (X') ,Z) 3i > OVg > 0; 

(ii) conversely, if Tor f T (K T (X) , Z) p Tot^ t {KJ(X'), Z)3 i, q > 0, then 
for some r -< a we have Hj(Yk.T,Z) 7^ 3j < dim(r) — 1. 

Proof, (i) With the above remarks and notations in mind, we need only 
to recall the relation between the K-theory of Y and Y' . We know that 
Y' is a projective bundle with base Y and fibre P rf_1 ; T acts on the base 
and on each fibre, and the projection Y' — > Y is T-equivariant. We apply 
|Thom| Theorem 3.1] and get a group isomorphism Kj(Y') ^ K^(Y)® d . 
Hence the abelian group Torf T [K T ( Y') , Z) is the d-fold direct power of 
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Torf T (ifJ(Y),Z). Assume that Hj(\ka,Z) ^ for some j < d - 1. Prom 
Proposition 12,31 it follows that Toi^ T (K^ (Y), Z) 7^ for some i > and for 
any q > 0. From the exact sequence (0 we have 

Torf T (K g T (X'),Z) - Torf T «(X),Z)eTorf T (K g T (y),Z) d - 1 
£ Torf T (i^ T (X),Z). 

(mJ By the same exact sequence (J7J) we can say that, if Torf T (i^(X'),Z) ^ 
Torf T (ETj(X),Z), then Torf T (i^(y), Z) / 0, and, by Proposition PQ1 

this is true if and only if there exists some r -< a such that Hj (lk r, Z) 7^ 
3j < dim(r) - 1. □ 

Corollary 3.5. Lei A fee a regular fan in W 1 and X = X{A) the associated 
smooth toric variety. Then the following are equivalent: 

(a) for every subdivision A' of A, 

Torf(K T q (X)^) - Torf(Kj(X(A')),Z) 

for any p > and q > 0; 

(b) Hj(Jkcr,Z) = for any a G Sa end for any j < dim(lko"). 

Proof. (a)=^(b) follows immediately from Proposition 13,41 

(b)=>(a) follows from Proposition 13. 4[ from Theorem 13. 1( and from the 
following remark. □ 

Remark 2. Let x G |A|, and let iJ,(|A|, |A| \ x;Z) be the relative reduced 
(singular) homology. Then condition (b) of Corollary 13.41 is equivalent to 

Hi(\A\, \A\ \ x; Z) Vt < dim(|A[), Vx G |A|, 

see e.g. |Sta| Proposition 4.3]: therefore that condition depends only on the 
topology of |A|, and if it holds, it still holds when we perform a star subdi- 
vision A or, when possible, the inverse operation (star reunion of cones). 



4. Computing Tor£ T (Kj(X),Z) - when possible 

The main result in this section is Theorem I4.5( where we express the 
groups ToTp T (Kq (X), Z) in terms of the reduced simplicial homology of the 
fan A. 

The proof of that theorem is based on the following remark: the embed- 
ding of Kq(X(A)) in the product of rings of representations of tori (Theorem 
II. can be restated by saying that K^(X(A)) is the ring of global sections 
of a sheaf of RT- algebras over a fan space A. 

We will first recall the definition and the main properties of such sheaves. 
Then we will apply them to compute the groups Toi^ T {Kj(X),Z), under 
the assumption that A satisfies condition ()15|) . i.e. the vanishing of the local 
homology of <Sa- By means of homological algebra machinery we will be able 
to find explicit formulas linking these groups to the reduced homology of 
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4.1. Cohomology of sheaves on fan spaces. Some of the following no- 
tations and ideas have already been used in |Bacj . |BreLuj . |BBFK| . |Brij . 

In |Bacj some aspects of sheaves on partially ordered sets are studied, but 
the main focus is on geometric lattices. Bressler and Lunts ( BreLul §3]) 
study sheaves of M-algebras on fan spaces, especially in the non rational 
case. In jBBFKj Barthel et al. give conditions on the topology of |A|, in 
order for the group of global sections of a sheaf on A to be free on the ring 
of polynomials. Brion ( |Brij ) applies the theory of sheaves on fan spaces to 
the study of the polytope algebra. 

Our reference for definitions and general properties of sheaves on topo- 
logical spaces is |Harl II. 1 and III. 1-2]. 

4.1.1. Sheaves on partially ordered sets. Let (X, <) be a finite partially or- 
dered set. There is a topology on X, induced by the order, such that the 
open sets are the increasing subsets, that is: 

A C X, A is open 44> (x G A, y G X, x < y => y G A). 

In fact, it is straightforward to verify that the intersection and the union 
of a family of increasing subsets are increasing subsets. The continuous 
maps between two partially ordered sets, with this topology, are the order- 
preserving maps. 

For each element z£l, the following sets are defined: 

X z = {x G X : z < x} is the smallest open set containing the 
element z£l; 

X z = {x G X : z < x} = X z \ {z}; 

X z = {x G X : x < z} is the closure of {z}; 

X z = {x G X : x < z} = X z \ {z}. 

Let us consider now a presheaf of abelian groups J- on X. To every open set 
(increasing subset) U C X an abelian group ^(U) is associated: T(U) is 
called the set of sections of T on U; for every inclusion of open sets V C U 
there is a group homomorphism py : U — > V, called the restriction from U 
to V. We will adopt the usual shorthand s\ v = Py{s) Vs G T{U). 
J- is a sheaf if the following glueing condition for sections holds: 

given an open subset U C X, an open covering U = Uj£/j, and 
a family of sections (sj), Sj G T{Ui) Vz, that are compatible 
on the intersections, that is, Si\u. r] jj j = Sj^ U nU , Vi, j; there 
exists a unique global section s G F(U) such that sp. = s^Vi. 
The stalk of T at x G X is by definition T x = lim J-(U), with U varying in 
the set {U C X | x G U, U open}. Since this set contains X x as a minimum, 
we have more simply T x = 3~(X X ). 

Remark 3. We can write in a more explicit form the sections of a sheaf J- 
on the open set U. Since 

u=\Jx x = (J x x , 

where U m { n is the set of the minimal elements of U, we have 

(8) T(U) = {(s x ) x£Uinin | s x G T x , s x \x x nx y = s v\x x nX y U min }. 
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Notice that, by the above formula, J- is determined by the data of 

(1) the stalks J- x for every and 

(2) the restrictions T x — ► Fy for all pairs x < y. 

In fact, in order to assign a sheaf on the finite partially ordered set X, it 
is enough to assign an abelian group G x to every element x £ X, and, to 
each inclusion x < y, a group homomorphism p xy : G x — > G y , such that for 
any triple of elements x < y < Z in X th.6 6QUctlity PyzPxy — Pxz 

holds. If, 

given these data, we define T by means of (jHJ) for every open U C X, we 
get a sheaf on X, whose stalks are the groups {G x }. 

We recall that a sheaf J- is flabby if, for each pair of open set U C V, 
the restriction •F(V) — > •F(ET') is surjective. Flabby sheaves are acyclic, i.e. 
they have zero cohomology in positive degree, see |Harj . Prop. 2.5: we will 
exploit this property both to compute the cohomology of the simple sheaves 
on fan spaces (see below), and to connect the groups Tor^ T (K T (X), Z) to 
the hypercohomology of suitable complexes of sheaves. 

The following criterion for flabbiness is proved in |BreLuj in the case X 
is a fan space. 

Lemma 4.1. Let T a sheaf (of abelian groups) on the partially ordered set 
(X,<). The following are equivalent: 

(i) T is flabby, 

(ii) for any x G X , the restriction T x = J-{X X ) — > T(X X ) is surjective. 

Proof. Clearly (i) =>■ (ii). Conversely, to prove (ii) => (i), it is enough to 
show that, if condition (ii) holds, then, for any open U and any x G" U, we 
can extend every section on U to a section on V = U U X x . Any subset 
U C V can be obtained by successive extensions of this kind. 

Notice that T(V) can be identified with the subset of F(U) x T x of all 
pairs that have the same restriction to U Pi X x : the lemma is proven if we 
show that, for each x G X, and V C Xj,, the restriction T(X X ) — > J~(V) is 
surjective. We proceed by induction on cork(x), where we define the co-rank 
of x, cork(x), as the maximum r among the length of chains x = xq < ■ ■ ■ < 
x r , where x% E X Vi. 

If cork(x) = 1, the elements of X x have co-rank zero, so they are all 
open points of X: therefore F{X X ) = Y\ v&x -^yi an d f° r every V C X x , 



Assume now that cork(x) > 1, and V ^ X x . If y G X x \ V, f(FUl y ) = 
{(s, s') G F(y) x | ^lynXy = s '\vr\X^- Given a section s G ^"(V - ), 
in order to extend it to V U X y we need only to find some s' G F(Xy) 



4.1.2. Sheaves on fan spaces. Let us now specialize to the case of fan spaces, 
that is, when (X,<) is the set of cones of a regular fan A, in W 1 . We 
introduce an order "<" on A, defined in the following way: 



Notice that < inverts the face order, so the topology on A relative to this 
order depends only on the combinatorial structure of A. 



such that s\ VnXy = 
cork(y) < cork(x). 




a, t G A; a < r <^ r -< a (r is a face of a). 
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Given a cone a € A, the sets defined in the previous sections become: 

Au = a is the subfan generated by the cone a; 
Aq- = A CT s {a} = a \ a = da is the boundary of cr; 
A a = {t € A : a -< r} = St a is the star of <r in A; 
A CT = A CT \ {a} = Sta\a. 

The open sets for this topology are the subfans of A. The cone containing 
only the point S W 1 is the unique maximal element, therefore the maxi- 
mum, of A. The set {0} is open, and dense in A, which is thus irreducible, 
as a topological space. The maximal cones are the minimal elements with 
respect to the order. Notice that this topology corresponds to the Zariski 
topology on X(A) whose closed sets are the T-invariant subsets of X(A). 

For an abelian group G, let G be the constant presheaf with values in G. 
In fact G is a sheaf, since all nonempty opens in A are connected. Moreover, 
G is flabby, as all restrictions to nonempty opens are the identity of G. Also 
the sheaves, obtained by restricting G to the stars of cones (which are closed 
in the fan space A) are flabby. 

Let us define a class of sheaves, whose cohomology can be easily computed 
in terms of the simplicial cohomology of certain subsets of A. 

Definition 6. If G is an abelian group, and a G A, the simple sheaf G(o~) 
with support in a and values in G is defined in the following way on the 
stalks: 

10 if r 7^ cr; 

and all restrictions are zero. 

Remark 4. We recall that the projection of St a on the quotient N(a)^ is a 
fan, that we denote with Stcr (see Section ll.2|) . It can be identified with a 
subspace of A: to every cone of St a we associate its preimage (through the 
projection) in Nr. 

The following two facts are crucial. (A less direct proof can be found in 



G if a is a maximal cone, 
otherwise. 



Proposition 4.2. (See |Bac| Lemma 3.1]) Let G be an abelian group, and 
a G A. 

(i) The global sections of the simple sheaf G(a) are 
T(A,G(a)) = H°(A,G(a))-- 

(ii) If i > 1, then 

(9) H i (&,G{°))=H i - 1 (S^,G), 

where H* is the reduced simplicial cohomology. 

Proof. The first part of the proposition is straightforward, in view of the 
formula (JSJ describing the sections of sheaves on A: the global sections 
of G(a) are the families of sections on maximal cones, compatible in the 
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intersections. If a is not maximal, all these sections are zero. If it is maximal, 
the only nonzero sections are those in G{a) a = G. 

Let us prove (ii). As we pointed out in Remark 21 we can consider the 
star of a as the closed image of a fan space Ster through a continuous 
map j a : St a A (a in A corrisponds to in St(tr)). The sheaf G(a) 
on A can be obtained by pushing forward via j a the sheaf G(0) on St a: 
G{a) = {ja)*G{G). So £P(A,G(o-)) = F(SW,G(0)). We must thus prove 
the follwing: 

given a fan A, £P(A, G(0)) = H i_1 (^A, G) for t > 0. 

Let G the constant sheaf on A, with values in G. G(0) is a subsheaf of G. 
The quotient sheaf G = G/G(0) has stalks equal to those of G everywhere, 
except at 0, and, for any pair of cones r -< a, the restriction T c — > T T is 
either zero or the identity. In other terms, if iq : {0} A, e jo : A \ are 
the (open and closed resp.) embeddings of {0} and of its complement, then 
G = (jo)*(G|A\o)- The short exact sequence 

-> G(0) = (t )iG| -» G G -> 
induces the long exact sequence in cohomology: 

(10) -> ff°(A, G(0)) -» H°(A, G) #°(A, G) -> 

-► ^(A.GCO)) -» H\A,G) = 0, 

and, since G is acyclic, 

O-^f^-^AjG) ^*^(A,G(0)) ^0 Vi>2. 
We can conclude by applying the following lemma. □ 

Lemma 4.3. (See |Bacl Theorem 2.1]) 
Given a fan A and an abelian group G, 

/T(A\0,G) ^H l (S A ,G), 

where G is the constant sheaf with values in G, on A \ 0. 

Proof. Let Ai = {p±, . . . , p m } be the set of 1-dimensional cones, and S the 
set of all the stars of the cones in Ai: S = {Cj = St(pj) \ j = 1, . . . ,m}. 
S is a closed covering of A \ 0. The restriction of G to any intersection of 
elements in S is a flabby sheaf: we can thus consider a generalized Mayer- 
Vietoris sequence, that will allow us to compute the cohomology of G. 

Let Gi ,,,i p = G\c iQ r\—r\Ci v - The sheaves appearing in the following com- 
plex are all acyclic, except (possibly) G: 

m 

(11) — > G — > Gj — > Gjgjj — > Gfo^jj —>■... 

~~ * Gj ...j n _ 1 — > Gj ...j n — > 0. 

l<io<---<i n _l<m l<io<---<jn<m 

Differentials are defined as follows: 

(12) d((oi ...tfc)io...»fc) = (Pjo— ifc+x)io— jfc+i' 
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where (indexes marked with A are omitted): 

fc+1 

(13) b in = V(-1)V r . . 

h=0 

The above notation means: if a € G ~ (U), then a is the image of a 
via the map (obvious definition) G- o ^ j k JV) ~^ Gjo-jk+i(U)- 

The complex 1)11(1 is exact (and so an acyclic resolution of the sheaf G). 
To show this, fix a cone a, say of dimension d— 1, and consider the complex 
of the stalks relative to a. Notice that (Gi ___i ) a = G if a G Cj fl • • • D Cj , 
and otherwise, so this localization is the Koszul complex G®/C*(l, . . . , 1): 

2 d 

-> G -> G d -> /\ G d . . . -» /\ G d -> 0, 

which is exact. 

For any (p + l)-uple of indexes iq, . . . , i p , the intersection of the stars of 
1-dimensional cones {pi k } is either the empty set, or the star of the cone 
a io ...i p generated p io , . . . p ip : 



c io n • • • n c ip 



St<7i ...j p if (Ti .,.i p G A, 



if <Ti ...i p A. 

Therefore, the complex of the global sections of resolution ()ll(l is 

(14) 0^ 0^(St(p),G |St(CT) )^ tf°(St(<7),G|st( CT) )-... 
peA x o-eA 2 

...-> H°(St(a),G lSt{a) )^ ^°(W,G| St(CT) )^0. 



(7GA n _i ff€A„ 
'] St(<r)y 



Since iJ (St(cr), Gi st(<j)) = ^ f° r an y we can simplify as follows: 

o-eAi o-eA n 

It is clear that, if we define differentials as in 1)13|). this is the cochain com- 
plex of Sa with values in G, and its cohomology is the reduced simplicial 
cohomology of 5a with values in G. □ 

We define now a sheaf of RT— algebras on a fan space A, which will play 
an important role in the following. 

Definition 7. We denote with A the sheaf of RT— algebras on A with 
stalks: 

Ax = RT a a £ A, 
where RT a = 7LT is the ring of representations of the torus T a . The re- 
strictions A a — > A T are the maps RT a — > i?T T induced by the inclusions 
r <— ► cr. 

Remark 5. Theorem 11.11 which gives an embedding of the equivariant K- 
theory of X into a product of algebras of representations of tori, can be 
restated in a short (and useful) way, by means of the sheaf we have just 
defined: 

r(E,i) = i(E)-4(I(S)) 
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for any subfan £ C A. 

Lemma 4.4. The sheaf A is flabby. 

Proof. (A similar construction is used in the proof of |Bri| 3.2 Proposition]) 
Let us apply Lemma 14.11 it is enough to show that, for any cone a £ A, 
the restriction to the boundary A a — > A(da) is surjective. Assume that 
a is maximal of dimension n (we can always reduce to this case). As a is 
regular, it is generated by a basis {m, . . . ,u n } of the lattice ./V C W 1 . Let 
{vi, . . . ,v n } be a dual basis in M. For a face r = pos(uj 1 , . . . ,Ui d ) -< a, 
the quotient M/t 1 - is generated (as a free abelian group) by the images of 
Vi x , . . . , Vi d . So there is a section <p T : RT T = "L[M/t ] RT = Z[M], of 
the projection ir T : Z[M] — > Z[M/t ], that is, a map of Z-algebras such that 
ir T (p T = id,RT T - Similarly, for every pairs of faces t\ -< T2 one finds injections 
(pj^ : RT Tl RT T2 such that vr^^i = idnr T , where tt^ is the projection 
RT T2 — > -RT Tl . Now, an element of A(da) is represented by a family (a T ) T ^<j, 
with a r € i?T r such that a r2 | ri = a n , for t\ < ti ~< a. Let a € i?T be the 
element 

a = ^(-l)"- dim ^Vr(«r). 

Then a\ p = a p for every p -< a. This follows easily by noticing that 
^(a-rV = ^p np ( a r|rnp)) and triat 

^(_l)«-dimr+l = ^ whil6; for J £ ^ ^ ^-gn-dimr+l = q 

p<t pr\r=p' 

□ 

4.2. Tor^ T (i^(X(A)),Z) and the reduced homology of S A - 

Theorem 4.5. Let X(A) be the smooth toric variety associated to the fan A 
in 1". Assume that the maximal cones of A are all of maximal dimension: 
A mH = A n . Moreover assume that 

(15) fli(lk<r,Z) = Va G S A ,Vi < dim(lka). 
Then, for any p > 0, 

(16) Torf «(X(A)),Z) - iT^ (s A ,Z^ j ) . 

j=p+i 

Proof. For convenience we split the proof in five steps. 

5fep i. Let tC* be the complex of sheaves of i?T-algebras on A, obtained 
by tensoring with — ®rt A the Koszul resolution of Z (as a i?T-module: see 
© in section setting a = 0). 

The terms of this complex are: 

/C = for - n < i < 

and zero for i < —n and % > 0. 

Notice that, for < p < n, the (— p)-th cohomology group of the com- 
plex /C*(A) of the global sections of K* is precisely ToTp T (Kj (X), Z), since 
/C*(A) is obtained by tensoring a projective resolution of Z with K- (X). 
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On the other hand, the sheaves K} are acyclic, as they are finite direct prod- 
ucts of A, which is flabby (Lemma 14. 4|) . Hence for any i < 0, H' l (IC*(A)) is 
isomorphic to the i-th group of hypercohomolgy EP(/C*). So we have: 

Tor^ T (i^(X), Z) H- p (/C*) Vp > 0. 

We will approximate H*(/C*) by means of a spectral sequence, 
relative to a suitable filtration of the complex )C* associated to the filtration 
of the fan space A by dimension of the cones. (This method is similar to that 
used in |Bacl §4], where a spectral sequence approximates the cohomology 
of a sheaf) 

Let Aj = {a € A | dim(cr) = i}, codim(cr) = n — dim(<r), and let {P l }i be 
the filtration of A, with P l the (closed) union of all cones of codimension 
< i-V. 

=: P l C A n =: P 2 CA„U A n _! =: P 3 C . . . 

• • • C A n U • • • U Ai = A \ =: P n+1 C A =: P n+2 

Notice that 

ps+l x ps _ | CT g A I codim (- CT ) = g _ 1} ; 

A \ P s = {a G A | codim(o-) > s - 1}. 

Given a sheaf of abelian groups T on A, denote with J- s the sheaf obtained 
by restricting J- to A \ P s and then by extending it by zero to A. In other 
words, if j s : A \ P s <^-> A, then = J^^AxP 8 )- The stalks of T s are: 




if codim(<r) > s — 1 
otherwise. 



For any s there is an inclusion of sheaves J- s +i ^"s- The support of 
the quotient sheaf J- s /^F s +i is contained in P s+1 \ P s , which is a discrete 
topological space: so we have the following decomposition as a direct sum 
of simple sheaves: 

(17) Fs/F s+ i= 

o-GA n _ s+ i 

If, instead of a sheaf, we consider a complex of sheaves /C, we can define in a 
similar way the complexes IC S , which give a filtration of /C, and the quotient 
complexes /C s //C s +i, which can be written as a direct sums of complexes of 
simple sheaves. We can reconstruct the hypercohomology of the complex IC 
from that of its restrictions to the sets P s+1 \ P s , by means of the following 
proposition, analogous to |Bac| Thm 4.1]. 

Proposition 4.6. There is a cohomology spectral sequence: 

(18) E{ q = M p+9 (A,/C p //C p+ i) => M n (A,/C). 

The differentials at level E\ are the connecting homomorphisms of the long 
exact sequence relative to the short exact sequences 

— > /Cp+i//C p+ 2 — > KL p /lCp + 2 Kp/Kp+i —> 0. 
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Proof. This is a quite standard result. Consider, for every p, the short exact 
sequence 

— » fCp+i — > /C p — > JCp/JCp+i — > 0. 
Let Xi p = Kp/Kp+x. The hypercohomology long exact sequence is 

► H* -1 ^) 4 H^/Cp+i) -» H^/Cp) -» EP^p) 4. M^/Cp+i) -»• . . . 

We set = HP(/Cp) and = W(K, P ), change indexes, q = i - p, and 
then set A = ®A pq , E = ®E pq . We obtain an exact couple 

A *■ A 




E 

whose corresponding spectral sequence is the above one. □ 

Step 3. Let us modify condition (|15|) in order to simplify the spectral 
sequence just introduced. If lk a is the link of a in the simplicial complex 
5a, we know that 

(19) fli(lko-,Z) = Vcr e A \ , Vi < dim(lkcr). 

All we can say about the highest degree homology of lk a is that, if d = 
dim (lk a), 



H d Qka,Z) 



if lk a ^ S d (i.e. a is "inside" A) 
otherwise. 



This amounts to saying that the support of Sa is a (topological) manifold. 

Applying the Universal Coefficient Theorem, we can replace homology 
with cohomology: 

5* (lk a) ^HiOka) Vcr,Vi 
By p7jl the term E^ q of the spectral sequence (|18|) can be written: 

W +q (A,lCp/JCp + x) = M^(A, £») 

= H^(A,/C;(a)). 

Step 4- Every summand in the last direct sum is the hypercohomology group 
of a complex of simple sheaves on A, with the same support a. Let us study 
the behaviour of such complexes. 

Let G* be a complex (in cohomology) of abelian groups, such that G % = 
for i > 0. For any a £ A there is a complex of simple sheaves G*(a) 
supported in a. Let us compute its hypercohomology. 

Consider the well-known spectral sequence: 

E% = H i (A,W(G*(a))) W +j (A,G*(a)), 

where THP denotes the j-th cohomology sheaf of a complex of sheaves. Here 
W{G*{a)) = (Hi(G*))(a), so by lemma KH if i > 0, 

H\A,H j (G*(a))) = H i ~ 1 (\ka,H j (G*)). 
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If a ^ 0, condition (|15[) on A implies the vanishing of all columns Elf, except 
possibly for z = and i = n — dim(cr). 
There are two cases: 

(1) dim(o") = n: only column E®* is nonzero, and 

HP(A,G») = E°J } = E\i = H°(A, H j (G*)(a)) = H j (G*) 
for j < 0; 

(2) dim(cr) < n: then terms in the 0-th column are 

E%> = H°{A,W(G*)(a)) = 0, 

while those in the other non vanishing column, with index n — 
dim(A) = d + 1, are 

E d+l,j = H d+1 (A,H j (G*)(a)). 

Now specialize to G*(a) = JC*(a): by formulae (J2J in ESI the two cases can 
be rewritten: 

(1) dim(cr) = n: 

W(A,lC(a)) =E^ = E% = W{K* a ) = Tor*] (RT a ,Z) 

so HP (A, K*{a)) = Z for j = 0, and for j < 0; 

(2) dim(<r) < n: in the 0-th column we still have, for any j 

E° 2 j = H°(A,Hi(lC:)(a)) = 0, 
while if the column index is n — dim(cr) = d + 1 we have 
E d+i,j = H d+1 (A,H j (lC*){a)) = H d+1 (A,Toif T {RT a ,Z)). 
The last term vanishes for j > n — dim(<r) = d+ 1: we conclude that 

W(A,K*M)=0 
for j < 0. However, for j > we can only say that 
HP (A, K a {a)) = H d+1 (lka,Toi: R j(RT a ,Z)) = H d+1 (lka, A^a^). 



Step 5. In short: for j < 0, the only contribution to HP(A,/C*) comes 
from the (n + l)-th column of the spectral sequence IJ18J) . relative to the 
restriction of the complex /C to the 0-dimensional cone. 

So, consider the case a = 0. The complex /Cq(0), which is supported at 
the origin, has zero differentials. In fact the differentials of /Cq are d id%, 
where d are the differentials of a Koszul complex relative to elements that 
belong to the annihilator of Z as -RT-module. 

Therefore /Cq(0) is a direct sum of the complexes JC^, each one having at 
most a nonzero component: 

£5(0) = KM 



where we define, for — n < m < 0, 

K8(0) := I 



X^(0) i£m = i, 
if m / i. 
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Table 1. Non- vanishing E^ terms of the spectral sequence 
E m = M^(A,/C P //C P+1 ) => Tor^_ 9 «(X),Z). (Empty 
cells contain zeroes, * means "unknown") 





1 


2 




n 


n+1 


n+2 


-1 


* 


* 




* 


* 




-2 




* 




* 


* 




-3 








* 


* 


















—n 








* 


* 




n 1 










* 




-n-2 










Torf T (Ko,Z) 




— n— 3 










To^ T (K ,Z) 














To4 T (K ,Z) 


















-2n-l 





























Hypercohomology commutes with direct sums, and the hypercohomology of 
a complex with a unique non-vanishing sheaf T in degree i coincides (up to 
a shifting of the indexes by i) with the cohomology of T . So: 

U l (A,]C* 0i (0)) = ff^(A,/C^(0)) for I > i. 

Since £^*(0) = Torf T (Z,Z) = Z w , we conclude that, /or p > 0, 

n 

Tor p RT «(X),Z) = 0iT-f(A,V(O)) 

i=p 

(20) = H' L ~ p ~ l ^a,Z j. 

i=p+l 

And the theorem is proved. □ 

Remark 6. What can be said about Tor^ T (i^(X ), Z) = Z ® RT Kj(X)? 
Since some terms E 1 ^ do not vanish for i + j > 0, differentials in E\ or 
in higher levels forbids us to describe Z ®bt K^{X) as we did for higher 
Tor-fff. However we can give an upper bound of its rank: it is less or equal 
to that of ® p + q =QE pq , since, for p + g < and p < n + 1, we have E pg = 0, 
so i?^ C E? p for any p. 

4.2.1. Computing Tot^ t (K^(X),Z) for q> 0. We can find an expression of 
all the other columns of Merkurjev's spectral sequence, starting from (|16[). 

As we have already pointed out, for any p > there is a splitting short 
exact sequence (see © in the proof of Prop. |2~3|) : 

(21) -> Tor« T «(X),Z) Z - Torf^i^X), Z) -> 

- Tor? (Tor^^W^),^^)) - 0. 
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Equivalently: 

(22) Torf^irJ (X),Z) Tor^ T (^ T (X), Z) ®z 

TorfCTor^^CX)^),^^)). 

Notice that for p = 1, since Z <8>_rt ^mF(-^0 ^ s t° rs i° n free, the second sum- 
mand on the right vanishes. Therefore all the terms Tor^ T (Kq (X), Z) ap- 
pearing in (|22j) can be replaced by the expression we gave in (|16j) : we obtain 
expressions for any Ep q term of Merkurjev's spectral sequence, involving 
only the reduced cohomology of Sa and the K-theory of the field k. 

4.3. An alternative proof of Proposition 12.31 Theorem 14.51 allows us 
to prove Proposition 12.31 without making reference to Reisner's Theorem 
(Proposition 12.1(1 . One implication, (4) => (1) (here we assume (1) 44> 
(2) 4$ (3)), follows immediately from Theorem 14.51 The opposite one is 
not straightforward, but it can be easily seen after a couple of lemmas on 
Stanley- Reisner rings. 

Lemma 4.7. Let J] be a simplicial complex on the vertices {vi, . . . ,vt} , 
a = [vi, . . . ,vi] a face of a . Then we have an isomorphism, of localizations 
of Stanley- Reisner rings: 

Z[S] (Xa) ^Z[Sta] (XCT) , 
where X a is the image of the monomial X\ . . . Xi . 

Proof. Let the vertices of the star St a be {v\, . . . , v r } (I < r < t). By defi- 
nition Z[E] = Z[Xi, . . . ,X t ]/I s , where Is = (X h ...X ik \ [v h ,. . . ,v ik ] £), 
while Z[St a] = Z[X l5 . . . , X r ]/I a , where l a = (X h . . . X ik \ [v h , v ik ] £ 
Stcr). After we localize to the multiplicative system {X™ \ n > 0}, all 
monomials X^ . . . Xi k £ Z[S] such that [vi l , . . . , v , fe ] St a vanish: so the 
inclusion 7L\X\, . . . , X r ] Z[X\, . . . , Xt] can be lifted to a well defined ring 
homomorphism Z[S](x CT ) ~~ * that is easily seen to be injective 

and surjective. □ 

Lemma 4.8. With the same notation as above, 

Proof Z[\ka]=Z[X l+1 ,...,X r ]/I lka ,withI lka = I a nZ[X l+1 ,...,X r ]. □ 

The two following propositions can replace the reference to Reisner's The- 
orem in the proof of Proposition 12.31 

Remember that the closure of the orbit O a can be considered a toric 
variety for the action of the quotient torus T a = T/T a , and the simplicial 
complex associated to its fan is lk<r (see section H~2*|) . 

Proposition 4.9. Let X = X(A) be a smooth toric variety associated to 
the fan A, pure of dimension dim(X), and Y = O a the closure of the orbit 
associated to the cone a. Then 

K^(Y) is not RT a -flat =>- Kq(X) is not RT-flat. 
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Proof. Since K^ a (Y) is not RT^-Rat, by lemmaEHI (in the proof of (4) => (1) 
of Proposition 12. M|) Z[lk<r] is not a Cohen-Macaulay ring. By Lemma 14.81 
ZfStcr] is not Cohen-Macaulay either, for X a is a regular element. The 
localization map Z[St<r] — > Z[StcrW CT ) is flat, so <^[StcrW CT ) can n °t be 
Cohen-Macaulay ( |BH| Theorem 2.1.7]). By Lemma 14.71 we conclude that 
Z[S*a] is not Cohen-Macaulay, so Kq(X) is not i?T-flat. □ 

Proposition 4.10. Let X = X(A) be a smooth toric variety associated to 
the fan A, pure of dimension dim(X), and suppose that, for some r G 5a 
and some i < dim(lkr), ffj(lkr) ^ 0. Then there is some orbit closure 
Y = O a such that K^(Y) is not RT a -flat. 

Proof. If (a) Y satisfies the hypothesis ()15|) of Theorem 14.51 that is, if for 
all p € lkr we have flj(lkp(lkr)) =0 Vi < dimlkp(lkr), then we can 
apply Theorem l4.5l to O t , viewed as a toric variety whose simplicial complex 
is lkr, and conclude with a = t. In fact the formula ()16|) implies that 
Tovf^K^(Y))^0. 

If, on the contrary, (b) there is a p such that fli(lk p (lkr)) ^ 3i < 
dimlkp(lkr), then we cannot apply Theorem 14.51 but we can reason by 
induction, replacing X with O t and r with p. Since dimO T < dimX, after 
a finite number of steps assumption (a) must be satisfied. We can conclude, 
by noting that if r -< a € A, O t is also a T a orbit, and its closure in O a is 
the same as its closure in X. □ 
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